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We investigate constant mean curvature complete vertical graphs in a warped product,
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1. Introduction
In this paper, we are interested in the study of complete vertical graphs immersed with constant mean curvature in a
class of Riemannian spaces, which includes the hyperbolic space Hn+1. Before give details on our work, we present a brief
outline of some recent papers related to our one.
In [9], S. Montiel have studied constant mean curvature compact hypersurfaces immersed in warped products of the
type R × f Mn and S1 × f Mn , whose Ricci curvature RicM of the ﬁbre Mn and the warping function f satisfy the following
convergence condition:
RicM  (n − 1) sup
(
f ′2 − f f ′′).
We observe that such a class of warped products includes the hyperbolic space Hn+1 (see Example 4.3 of [9]). By supposing
that such hypersurfaces are locally graphs on Mn , the author prove that (up to exceptional well-understood cases) they
must be slices {t} × Mn .
L.J. Alías and M. Dajczer studied properly immersed complete surfaces of H3 contained between two horospheres, ob-
taining a Bernstein-type theorem for the case of constant mean curvature |H|  1 (cf. [2], Theorem 1). In [3], L.J. Alías,
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ambient spaces of non-negative Ricci curvature and endowed with a Killing ﬁeld. This was done under the assumption that
the sign of the angle function between a global Gauss map and the Killing ﬁeld remains unchanged along the surface.
In [8], the second author jointly with A. Caminha have studied complete vertical graphs of constant mean curvature
in Hn+1. They ﬁrst derived suitable formulas for the Laplacians of the height function h and of a support-like function
naturally attached to the graph; then, under appropriate restrictions on the values of the mean curvature and the growth of
the height function, they obtained necessary conditions for the existence of such a graph. Moreover, in the 3-dimensional
case, they proved a Bernstein-type theorem in H3.
More recently, by applying a technique of S.T. Yau [13] and imposing suitable conditions on both the r-th mean curva-
tures and on the norm of the gradient of the height function, the second author jointly with F. Camargo and A. Caminha
obtained in [6] rigidity results in the hyperbolic space. Furthermore, A. Caminha have proved in [7] general uniqueness
theorems for certain complete hypersurfaces of Riemannian manifolds furnished with closed conformal vector ﬁelds.
Here, by applying a maximum principle due to K. Akutagawa (cf. [1], Lemma 3), we obtain a new Bernstein-type theorem
concerning to constant mean curvature complete vertical graphs immersed in a warped product, which is supposed to satisfy
another appropriated convergence condition. More precisely, we prove the following (cf. Theorem 3.4):
Let Mn+1 = I × f Mn be a warped product which satisﬁes the convergence condition
0 KM  sup
I
(
f ′2 − f f ′′),
where KM denotes the sectional curvature of the ﬁbre Mn . Let ψ : Σn → Mn+1 be a complete vertical graph with bounded second
fundamental form and constant mean curvature H . Suppose that Σn lies between two slices and that
0 H  inf
Σ
f ′
f
. (1.1)
If the height function h of Σn satisﬁes
|∇h|2  α
(
inf
Σ
f ′
f
− H
)β
,
for some positive constants α and β , then Σn is a slice.
We want to point out that the hypothesis (1.1) means that, at each point of the complete vertical graph Σn , the mean
curvature H is at most the value of the mean curvature of the slices whose intersection with Σn is non-empty. In this
sense, we suppose here a natural comparison inequality between two mean curvature quantities.
Furthermore, taking into account that the warped product models of the hyperbolic space satisfy the convergence con-
dition of Theorem 3.4, in Section 4 we obtain some applications when the ambient space is Hn+1 (cf. Corollaries 4.1, 4.2
and 4.3). Finally, in Section 5 we prove another rigidity theorem concerning to constant mean curvature complete vertical
graphs immersed in a product space (cf. Theorem 5.1), and we get an application related to the Euclidean space (cf. Corol-
lary 5.2).
2. Preliminaries
Let Mn be a connected, n-dimensional oriented Riemannian manifold, I ⊂ R an interval and f : I → R a positive smooth
function. In the product differentiable manifold I × Mn , let πI and πM denote the projections onto the I and Mn factors,
respectively. A particular class of Riemannian manifolds is the one obtained by furnishing I × Mn with the metric
〈v,w〉p =
〈
(πI )∗v, (πI )∗w
〉+ f (p)2〈(πM)∗v, (πM)∗w〉,
for all p ∈ M and all v,w ∈ T pM . Indeed (cf. [9]), the vector ﬁeld
V = ( f ◦πI )∂t
is conformal and closed (in the sense that its dual 1-form is closed), with conformal factor φ = f ′ , where the prime
denotes differentiation with respect to t ∈ I . Such a space is called a warped product, and in what follows we shall write
Mn+1 = I × f Mn to denote it. In this setting, for a ﬁxed t0 ∈ R, we say that Mnt0 = {t0} × Mn is a slice of Mn+1.
Throughout this paper, we will study connected hypersurfaces ψ : Σn → R × f Mn oriented a unit vector ﬁeld N . Let ∇
and ∇ denote the Levi-Civita connections in R × f Mn and Σn , respectively. Then the Gauss and Weingarten formulas for
such hypersurfaces are given by
∇ X Y = ∇X Y + 〈AX, Y 〉N (2.1)
and
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for every tangent vector ﬁelds X, Y ∈X(Σ). Here A :X(Σ) →X(Σ) stands for the shape operator (or Weingarten endomor-
phism) of Σn with respect to the Gauss map N .
On the other hand, as in [11], the curvature tensor R of a hypersurface ψ : Σn → R × f Mn is given by
R(X, Y )Z = ∇[X,Y ] Z − [∇X ,∇Y ]Z ,
where [ ] denotes the Lie bracket and X, Y , Z ∈X(Σ). A fact well known is that the curvature tensor R of the hypersurface
Σn can be described in terms of the shape operator A and the curvature tensor R of R × f Mn by the so-called Gauss
equation given by
R(X, Y )Z = (R(X, Y )Z) + 〈AX, Z〉AY − 〈AY , Z〉AX, (2.3)
for every tangent vector ﬁelds X, Y , Z ∈X(Σ).
Now, let us consider two particular functions naturally attached to such hypersurfaces, namely, the (vertical) height
function h = (πI )|Σ and the support function 〈N, ∂t〉.
Let us denote by ∇ and ∇ the gradients with respect to the metrics of I × f Mn and Σn , respectively. Then, a simple
computation shows that the gradient of πI on I × f Mn is given by
∇πI = 〈∇πI , ∂t〉∂t = ∂t, (2.4)
so that the gradient of h on Σn is
∇h = (∇πI ) = ∂t = ∂t − 〈N, ∂t〉N, (2.5)
where ( ) denotes the tangential component of a vector ﬁeld in X(Mn+1) along Σn . Thus, we get
|∇h|2 = 1− 〈N, ∂t〉2, (2.6)
where | | denotes the norm of a vector ﬁeld on Σn .
The following lemma corresponds to the Riemannian case of Propositions 3.1 and 3.2 of [8].
Lemma 2.1. Let ψ : Σn → R × f Mn be a hypersurface with Gauss map N. Then,
	h = (log f )′(h)(n − |∇h|2)+ nH〈N, ∂t〉,
where H denotes the mean curvature of Σn with respect to N. Moreover, if H is constant,
	
(
f 〈N, ∂t〉
)= − f 〈N, ∂t〉{RicM(N∗,N∗)+ (n − 1)(log f )′′|∇h|2 + |A|2}− nH f ′,
where RicM denotes the Ricci curvature of the ﬁbre Mn, N∗ = (πM)∗N and |A| is the Hilbert–Schmidt norm of the shape operator A
of Σn.
We will also use the so-called Omori–Yau generalized maximum principle [10,12].
Lemma 2.2. LetΣn denote an n-dimensional complete Riemannianmanifold having Ricci curvature bounded from below. Then, for any
C2 function u : Σn → R with u∗ = supΣ u < ∞, there exists a sequence of points {pk}k1 in Σn satisfying the following properties:
(i) u(pk) > u∗ − 1k , (ii) |∇u|(pk) <
1
k
and (iii) 	u(pk) <
1
k
, for all k 1.
The following lemma is due to K. Akutagawa [1] and is a consequence of the Omori–Yau generalized maximum principle.
Lemma 2.3. Let Σn be an n-dimensional complete Riemannian manifold whose Ricci curvature is bounded from below and g : Σn →
R be a non-negative smooth function on Σn. If 	g  αg2 , for some positive constant α, then g is identically zero on Σn.
3. Vertical graphs in a warped product
In order to prove our Bernstein-type theorem, we also need the following:
Proposition 3.1. Let Mn+1 = I × f Mn be a warped product which satisﬁes the following convergence condition
KM  sup
I
(
f ′2 − f f ′′), (3.1)
where KM denotes the sectional curvature of the ﬁbre Mn. Let ψ : Σn → Mn+1 be a complete hypersurface with both mean curvature
H and second fundamental form A bounded. If f
′′
is bounded on Σn, then the Ricci curvature of Σn is bounded from below.f
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of X(Σ). Then, it follows from (2.3) that
Ric(X, X) =
∑
i
〈
R(X, Ei)X, Ei
〉+ nH〈AX, X〉 − 〈AX, AX〉

∑
i
〈
R(X, Ei)X, Ei
〉− (n|H||A| + |A|2)|X |2.
Thus, if both the mean curvature H and the second fundamental form A are supposed to be bounded, then Ric(X, X) is
bounded from below if and only if
∑
i〈R(X, Ei)X, Ei〉 is bounded from below.
On the other hand, with a straightforward computation, we get
R(X, Ei)X = R
(
X∗, E∗i
)
X∗ + 〈X, ∂t〉R
(
X∗, E∗i
)
∂t + 〈X, ∂t〉〈Ei, ∂t〉R
(
X∗, ∂t
)
∂t
+ 〈Ei, ∂t〉R
(
X∗, ∂t
)
X∗ + 〈X, ∂t〉R
(
∂t, E
∗
i
)
X∗ + 〈X, ∂t〉2R
(
∂t, E
∗
i
)
∂t,
where X∗ = X − 〈X, ∂t〉∂t and E∗i = Ei − 〈Ei, ∂t〉∂t are the projections of the tangent vector ﬁelds X and Ei onto the ﬁbre
Mn , respectively.
Now, by repeated use of the formulas of Proposition 7.42 of [11] and using Eq. (2.5), we get
∑
i
〈
R(X, Ei)X, Ei
〉=∑
i
〈
RM
(
X∗, E∗i
)
X∗, E∗i
〉− f f ′′
f 2
|X |2 + f
′2
f 2
(|∇h|2 − (n − 1))|X |2
+ (n − 2)
(
f ′2 − f f ′′
f 2
)
〈X,∇h〉2,
where RM denotes the curvature tensor of the ﬁbre Mn .
But, it is not diﬃcult to verify that
∑
i
〈
RM
(
X∗, E∗i
)
X∗, E∗i
〉= 1
f 2
∑
i
KM
(
X∗, E∗i
)(|X |2 − 〈∇h, Ei〉2|X |2
− 〈X,∇h〉2 − 〈X, Ei〉2 + 2〈X,∇h〉〈X, Ei〉〈∇h, Ei〉
)
.
Thus, by using the convergence condition (3.1) and with another straightforward computation, we obtain
∑
i
〈
R(X, Ei)X, Ei
〉
− f
′′
f
(
n − |∇h|2)|X |2 −n | f ′′|
f
|X |2
and, hence, the result follows. 
Deﬁnition 3.2. Let ψ : Σn → R × f Mn be a complete hypersurface. We say that Σn is a vertical graph if ψ(x) = (u(x), x) for
some smooth function u : Mn → R. Moreover, we say that Σn lies between two slices if there exist two real numbers t1 < t2
such that t1  h(p) t2, for all p ∈ Σn .
Remark 3.3. In what follows, motivated from the fact that a slice {t} × Mn of I × f Mn has constant mean curvature f ′f (t)
with respect the orientation given by −∂t (cf. [4]; see also [9]), we will consider our vertical graphs ψ : Σn → Mn+1 oriented
by the unit normal vector ﬁeld N such that 〈N, ∂t〉 < 0.
Now, we are in position to prove our main result.
Theorem 3.4. Let Mn+1 = I × f Mn be a warped product which satisﬁes the convergence condition (3.1) and whose ﬁbre Mn has
non-positive sectional curvature. Let ψ : Σn → Mn+1 be a complete vertical graph with constant mean curvature H and bounded
second fundamental form A. Suppose that Σn lies between two slices and that
0 H  inf
Σ
f ′
f
. (3.2)
If the height function h of Σn satisﬁes
|∇h|2  α
(
inf
Σ
f ′
f
− H
)β
, (3.3)
for some positive constants α and β , then Σn is a slice.
594 C.P. Aquino, H.F. de Lima / Differential Geometry and its Applications 29 (2011) 590–596Proof. Let g : Σn → R be deﬁned by
g = f (1+ 〈N, ∂t〉).
We observe that our hypothesis of Σn to lie between two slices assures that there exists a positive constant C such that
g  C on Σn .
By computing the Laplacian of g with the aid of the formulas of Lemma 2.1, we get
	g = −
(
RicM
(
N∗,N∗
)− (n − 1) f ′2 − f f ′′
f 2
|∇h|2
)
f 〈N, ∂t〉
+
(
f f ′′ − f ′2
f
)
|∇h|2 + n f
′2
f
− nH f ′ + (nH f ′ − f |A|2)〈N, ∂t〉.
On the other hand, taking into account the convergence condition (3.1), a straightforward computation gives us
RicM
(
N∗,N∗
)
 (n − 1)
f 2
sup
I
(
f ′2 − f f ′′)|∇h|2.
Thus, since 〈N, ∂t〉 < 0, we obtain that
	g 
(
f f ′′ − f ′2
f
)
|∇h|2 + n f
′2
f
− nH f ′ + (nH f ′ − f |A|2)〈N, ∂t〉.
Consequently, since we are also supposing that KM  0, we get
	g  n f
′2
f
− nH f ′ + (nH f ′ − f |A|2)〈N, ∂t〉.
Let S2 denote the second elementary symmetric function on the eigenvalues of A, and H2 = 2n(n−1) S2 denote the mean
value of S2. Elementary algebra gives
|A|2 = nH2 + n(n − 1)(H2 − H2)
and, from the Cauchy–Schwarz inequality,
|A|2  nH2.
Thus, after a little more algebra, we have that
	g  n
(
f ′
f
− H
)(
f ′ + H f 〈N, ∂t〉
)
.
Now, taking into account hypothesis (3.2), suppose by contradiction H < infΣ
f ′
f . Consequently, we get
	g  n inf
Σ
f ′
f
(
inf
Σ
f ′
f
− H
)
g  n
C
inf
Σ
f ′
f
(
inf
Σ
f ′
f
− H
)
g2.
At this point we observe that, since we are supposing that Σn lies between two slices, Proposition 3.1 guarantees that
the Ricci curvature of Σn is bounded from below and, hence, from Lemma 2.3, we conclude that g ≡ 0. So, 〈N, ∂t〉 ≡ −1,
what implies that Σn is a slice. However, such a slice {t} × Mn has constant mean curvature f ′f (t), and we arrive at a
contradiction.
Therefore, H = infΣ f ′f and, from hypothesis (3.3), Σn must be a slice. 
Remark 3.5. We point out that Theorem 3.4 can be regarded as an extension of Theorem 3 of [9].
4. Applications in the hyperbolic space
Instead of the more commonly used half-space model, the (n + 1)-dimensional hyperbolic space Hn+1 can also be con-
sidered as the warped product R ×et Rn (cf. [9], Example 4.3). An explicit isometry between these two models of Hn+1
can be found at [2], from where it can easily be seen that the slices {t} × Rn of the warped product model are precisely
the horospheres of Hn+1. Moreover, according to the last section, these have constant mean curvature 1 if we take the
orientation given by the unit normal vector ﬁeld N = −∂t .
In this setting, from Theorem 3.4 we obtain the following extension of Theorem 5.2 of [8].
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0 H  1. If Σn lies between two horospheres and its height function h satisﬁes
|∇h|2  α(1− Hβ),
for some positive constants α and β , then Σn is a horosphere.
According Example 4.3 of [9], we can also consider Hn+1 as being the warped product R ×cosh t Hn . In this setting, as
another application of Theorem 3.4, we obtain the following:
Corollary 4.2. Let ψ : Σn → Hn+1 be a complete vertical graph with bounded second fundamental form and constant mean curva-
ture H. Suppose that Σn lies between two hyperspheres and that
0 H  inf
Σ
(tanh t).
If the height function h of Σn satisﬁes
|∇h|2  α
(
inf
Σ
(tanh t) − H
)β
,
for some positive constants α and β , then Σn is a hypersphere.
By making an analysis of the proof of Theorem 3.4, we see that the hypothesis of Σn to lie between two slices is a
suﬃcient condition which guarantees that both f and f ′′ are bounded on Σn . Since in warped product models of Hn+1 we
have that f ′′ = f , it is suﬃcient to guarantee that the warping function f is bounded. Consequently, by considering once
more Hn+1 = R ×et Rn , we obtain the following extension of Theorem 5.1 of [8].
Corollary 4.3. Letψ : Σn → Hn+1 be a complete vertical graph with bounded second fundamental form and constant mean curvature
0 H  1. If the height function h of Σn is such that
h C − log(1+ 〈N, ∂t〉),
for some constant C , and
|∇h|2  α(1− Hβ),
for some positive constants α and β , then Σn is a horosphere.
Remark 4.4. In Corollary 4.3, the term − log(1+ 〈N, ∂t〉) must be interpreted as +∞ when 〈N, ∂t〉 = −1.
Remark 4.5. In [5], the authors have proved another rigidity results concerning to complete hypersurfaces immersed with
constant mean curvature in Hn+1, under suitable restrictions on their Gauss image.
5. A rigidity theorem in product spaces
In this section, we will establish another rigidity theorem concerning to a constant mean curvature complete vertical
graph Σn of a product space I × Mn . As in the previous section (see Remark 3.3), we will consider that Σn is such that
their Gauss map satisﬁes −1 〈N, ∂t〉 < 0. In this setting, we deﬁne the normal angle θ of Σn as being the smooth function
θ : Σn → [0, π2 ) given by
0< cos θ = −〈N, ∂t〉 1.
Theorem 5.1. Let Mn+1 = I × Mn be a product space, whose ﬁbre Mn is either isometric to Sn or it is ﬂat. Let ψ : Σn → Mn+1 be
a complete vertical graph, with bounded second fundamental form A and constant mean curvature H. If the normal angle θ of Σn
satisﬁes
cos θ max
{
1− |A|2, 1
3
}
, (5.1)
then Σn is a slice.
Proof. Let us consider the case when the ﬁbre Mn is isometric to Sn .
Initially we note that, from Proposition 3.1, the Ricci curvature of Σn is bounded from below. We deﬁne the function
ξ : Σn → R by
ξ = (1+ 〈N, ∂t〉)2,
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	ξ = 2∣∣∇〈N, ∂t〉∣∣2 + 2(1+ 〈N, ∂t〉)	〈N, ∂t〉.
Thus, from Lemma 2.1, we get
	ξ = 2∣∣∇〈N, ∂t〉∣∣2 − 2(1+ 〈N, ∂t〉){RicSn(N∗,N∗)+ |A|2}〈N, ∂t〉.
Moreover, we observe that RicSn (N∗,N∗) = (n − 1)|N∗|2 and, from Eq. (2.6),∣∣N∗∣∣2 = 〈N − 〈N, ∂t〉,N − 〈N, ∂t〉〉= 1− 〈N, ∂t〉2 = |∇h|2.
Hence,
	ξ = 2∣∣∇〈N, ∂t〉∣∣2 − 2(1+ 〈N, ∂t〉){(n − 1)|∇h|2 + |A|2}〈N, ∂t〉.
Consequently, with a straightforward computation, we obtain that
	ξ = 2∣∣∇〈N, ∂t〉∣∣2 + {(n − 1)|∇h|2 + |A|2}(|∇h|2 − ξ). (5.2)
Now, from Eq. (2.6) and hypothesis (5.1), we have that
2ξ  |∇h|2.
Thus, from (5.2) we get
	ξ 
{
(n − 1)|∇h|2 + |A|2}ξ. (5.3)
From Lemma 2.2, we obtain a sequence (pk)k1 in Σn such that ξ(pk) → supΣ ξ and 	ξ(pk) 1/k, for all k  1. Thus,
from (5.3), we have that
1
k
	ξ(pk)
(
(n − 1)|∇h|2(pk) + |A|2(pk)
)
ξ(pk) 0,
for all k 1. Consequently, when k → ∞,(
(n − 1)|∇h|2(pk) + |A|2(pk)
)
ξ(pk) → 0
and, hence, taking into account once more hypothesis (5.1), we conclude that supΣ ξ = 0. So, ξ = 0 on Σ . Therefore,
cos θ = −〈N, ∂t〉 = 1 on Σn , that is, Σn is a slice.
When the ﬁbre Mn is ﬂat, the proof is more simple and it follows from the same arguments of the previous case. 
Corollary 5.2. Let ψ : Σn → Rn+1 be a constant mean curvature complete vertical graph, with scalar curvature R bounded from
below. If the normal angle θ of Σn satisﬁes
cos θ max
{
1+ n(n − 1)R, 1
3
}
,
then Σn is a hyperplane.
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